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Abstract 
The advantage of all different kinds of electron 
holography lies in the fact that in addition to the image 
intensity they make use of the phase in real space and in 
Fourier space. Therefore, they are in principle superior 
to conventional imaging techniques, even if these are 
supported by highly sophisticated methods of image pro-
cessing. The technique of electron off-axis holography, 
under development in Tiibingen for more than 20 years, 
now enters atomic resolution domain. After correction 
of aberrations, amplitudes and phases can be determined 
quantitatively, both in real space and Fourier space, 
opening up novel facilities for the analysis of structures 
at atomic dimensions. 
Key Words: Electron holography, electron wave optics, 
numerical wave reconstruction. 
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Introduction 
In spite of the great success in all areas of natural 
sciences, transmission electron microscopy, from the 
viewpoint of optics, is still heavily restricted in its per-
formance. Up to date, there are no satisfactory tools for 
the desirable analysis of the complex electron object 
wave by means of conventional microscopy. There is 
only one experimental parameter, i.e., focus, which can 
freely be selected to govern the transfer characteristics. 
However, even at Scherzer focus, the best choice to at-
tain phase contrast at maximum point resolution, there 
is no large area phase contrast, resolution is severely 
limited, and amplitude and phase of the object wave 
show up in the image contrast indistinguishably mixed. 
Consequently, unique interpretation of a micrograph is 
generally very difficult. 
Image processing techniques from an electron mi-
crograph can only restrictedly help with these problems: 
it is true that, e.g., by means of a-posteriori Fourier fil-
tering, even very weak crystalline structures can be de-
tected more easily, and that noise reduction methods can 
be applied. However, one must keep in mind that, at the 
end, the processed image often represents less rather 
than more information about the object. More sophisti-
cated methods, such as averaging over different samples 
of the same species, e.g., protein molecules, do indeed 
make a much better use of the information in the micro-
graph. To some extent, for weak phase objects, a cor-
rection for contrast reversal is possible, i.e., the regions 
with negative sign of the phase contrast transfer function 
sinx(R) can be rectified; however, because of the noise 
threshold, this holds only at some distance from the 
zeroes of the sinx-function. Unfortunately, not even a 
simple measure like defocusing or correcting for some 
residual astigmatism can be performed. The basic rea-
son is that the necessary information is not available 
from the micrograph, i.e., that the phase of the electron 
wave present in the final image plane cannot be recorded 
by conventional means. To overcome this limit, Gabor 
proposed electron holography: both the amplitude and 
phase of the electron wave are recorded in a hologram, 
from which it is reconstructed by light optical means 
using all the well-developed wave optical tools of light 
optics. 
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Figure 1. (A) Hologram of a wedge-shaped silicon 
crystal in (110) orientation. The thickness increases 
from top right to bottom left. Extinction contours 
show up. (B) At higher magnification, the hologram 
fringes (spacing 0.07 nm) show strong phase shifts, in 
particular at the extinction thickness. 
We use the most powerful scheme of electron hol-
ography, called "image plane off-axis electron holo-
graphy" as developed by Wahl [14], improved for the 
special needs of high resolution [3]. Instead of the 
proposed light optical reconstruction technique, we use 
numerical image processing methods. The hologram 
taken in the electron microscope is fed to a computer. 
Thereby, the computer is coupled wave-optically to the 
microscope; consequently, one is able to perform wave 
optical image processing for analysis of the electron 
wave which allows the use of all wave optical techniques 
one can think about. Since the two step·s of taking the 
hologram and of subsequent evaluation are separated, 
they can be optimized individually. 
Principles and Problems of 
High Resolution Holography 
Taking the hologram 
The image wave b(x,y) = A(x,y)exp(icf>(x,y)) is 
coherently superimposed on a plane reference wave by 
means of the electron biprism [10] which yields an in-
terference pattern called the hologram given by the 
intensity distribution 
Ih01(x,y) = 1 + A2(x,y) 
+ 2A (x,y) · cos(27rRcx + cf>(x,y)) (1) 
An example is shown in Figure 1. In addition to 
the intensity A2(x,y) representing the conventional mi-
crograph, one finds the cosinoidal term which contains 
the complete image wave imposed on a carrier wave with 







(0 < V < 1) which has to be as good as possible to re-
cord the wave well above noise. Vis given primarily by 
the degree of lateral coherence µ of the electron beam, 
by the instabilities and stray fields at the microscope, 
which can be described by a factor Vinst> and by the in-
elastic interaction that may occur as the electrons trav-
erse the specimen. Electrons which have suffered an en-
ergy loss larger than 10- 15 eV can no more be considered 
coherent with the reference wave, hence only elastic 
scattering information is collected in the hologram [ 4]. 
The contrast is given by 
V = µ . Vinst ..,;y:w (2) 
with the probability (1-W) that an electron does not 
experience inelastic interaction [2]. 
The following items have to be taken into account 
to collect the maximum amount of information in the 
hologram: 
Information limit Rum of the image wave. The 
image wave b(x,y) = A(x,y) · exp(icf>(x,y)) is distorted 
with respect to the object wave o(x,y) by convolution 
with the point spread function FT {E(R) · exp(ix(R))} 
delivered by the objective lens 
b(x,y) = o(x,y) ® FT{E(R) · exp(ix(R))} (3) 
The coherent aberrations (e.g., spherical aberra-
tion, defocus, astigmatism) described by the wave aber-
ration (R) will be corrected numerically during recon-
struction. However, this is only possible for spatial fre-
quencies smaller than the information limit Rlim' i.e., as 
long as the wave is not damped below noise due to the 
incoherent aberrations, chromatic aberration and the 
illumination aperture; these are described by the corre-
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sponding damping function E(R) = Echrom(R) · Eiu(R). 
Spatial frequencies higher than Rlim are not found in the 
image wave and they cannot be recovered by any means. 
Hence, the microscope has to be operated such that Riim 
is sufficiently high. With a field emission electron gun, 
as a rule of thumb, Rlim is approximately twice as high 
as the point resolution at Scherzer focus. 
Fringe spacing 1/Rc. The higher the spatial fre-
quency Rmax ~ Rlim of the image wave one wants to re-
construct subsequently, the higher has to be the carrier 
spatial frequency Rc. Generally, as Wahl pointed out 
[14], the requirement Rc ~ 3Rmax has to be met. In any 
case, it does not make much sense to take holograms 
with a carrier frequency higher than 3R 1im; one would 
not gain additional information but, instead, worsen the 
fringe contrast V, and hence damp the reconstructed 
wave, because the sensitivity to residual instabilities is 
heavily increased. In the case of our Philips 420/ST 
electron microscope, with a field emission gun, Riim = 
6/nm, a fringe spacing of 0.05 nm is sufficient, 0.03 nm 
have been achieved [13]. 
Number of fringes. A certain minimum number 
of hologram fringes is needed for subsequent correction 
of aberrations. The reason is the following: By the co-
herent aberrations, the information stemming from an 
object point is smeared out in the image plane according 
to the point-spread-function FT {E(R) · exp(ix(R))}. 
For every object point to be reconstructed correctly, the 
point spread function has to be caught completely in the 
hologram. Consequently, the hologram must be wider 
than the width of the point spread function. 
A closer look shows that the minimum width of 
the hologram must be broader than the point spread 
function by a factor of 4; otherwise, after Fourier trans-
form, the wave aberration x(R) is only defined with in-
sufficient accuracy, i.e., worse than the Rayleigh limit 
1r/4. The width w of the point spread function is, in 
geometrical approximation, related to x(R) by w = 
gradx(R)max /1r, where gradx(R)max means the steepest 
gradient of x(R) with respect to R in the range 
[0,Rmax], with Rmax ~ Rlim· Consequently, for an in-
tended resolution Rmax• the hologram must be made up 
by a number 
(4) 
of fringes. Experimentally, the width of the hologram 
is limited by the degree of lateral coherenceµ which can 
be realized. In principle, this does not present an ob-
stacle, because a high degree of coherence can be set by 
means of the condenser lens. However, this is only pos-
sible at the cost of current density in the final image 
plane, because the coherent current Icoh(µ) available for 
taking a hologram at a degree of coherence µ 
(5) 
(k = wave number); is limited by the brightness B of the 
gun. For very broad holograms, the small current densi-
ty can be counterbalanced by long exposure times only 
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restrictedly, because instabilities would again worsen the 
contrast of the hologram fringes. 
Optimum focus. The only free parameter for 
taking a micrograph or a hologram is the focus. In con-
ventional microscopy, a specific defocus is selected to 
optimize, e.g., the phase contrast. This is not important 
with holography, because phase and amplitude contrast 
are easily generated by the numerical processing later 
on. Therefore, the focus should be selected such that 
the hologram collects the maximum amount of informa-
tion about the object. Points of concern are the infor-
mation limit Riim and the point spread function. 
The envelope function of the illumination aperture 
Eiu(R) = exp(-const · 0~(gradx(R))2) (6) 
depends on gradx(R) with respect to R; 0c means the 
semi-angle of the illumination aperture. 
The width of the point spread function above was 
given as 
w = (l/1r) · {gradx}max (7) 
where {gradx}max means the maximum absolute value of 
gradx(R) in the spatial frequency range [0,Rmaxl-
For both aspects, the gradx(R) plays the most im-
portant role. Therefore, recording the hologram can be 
optimized by operating the microscope at an optimum 
focus [5]. 
Dz = 0 75 · C · (R /k) 2 · s max (8) 
which minimizes the gradx(R) function over the range 
[0,RmaxL C
5 
means the coefficient of spherical aberra-
tion of the objective lens, and k is the wave number of 
the electrons. 
Numerical Reconstruction of the Hologram 
Usually, the hologram is recorded on a photo-
graphic plate and, after digitization at 4096*4096 pixels 
by means of a charge-coupled-device (CCD)-line-cam-
era, fed into the computer. Fourier transform yields, 
besides the diffractogram of the conventional micrograph 
FT{A 2(x,y)} and a o(R)-peak on the optic axis, two re-
dundant side-bands centered around ±R 0 : 
FT{lhol(x,y)} = 
o(R) + FT{A 2(x,y)} + 
V · FT{A(x,y) · exp(i<l>(x,y))} 0 o(R-R
0
) + 
V · FT{A(x,y) · exp(-i<l>(x,y))} 0 o(R+Rc) (9) 
One side-band is isolated. It represents the com-
plex Fourier-spectrum of the image wave which com-
pares well with the electron diffraction pattern found in 
the back focal plane of the electron microscope. The 
main advantage is that one has access to both amplitudes 
and phases, hence it represents an ideal starting point for 
wave optical image processing (Figure 2). 
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Figure 2. Fourier spectrum of the silicon crystal re-
constructed from the hologram shown in Figure 1. The 
asymmetry in corresponding reflections, e.g., (2,-2,0) 
and (-2,2,0), suggests a slight mistilt of the crystal from 
the [110] zone axis. 
Correction of aberrations 
The Fourier spectrum represents the aberrated ob-
ject wave, i.e., FT{o(x,y)} · exp(ix(R)). It has to be 
divided by a phase plate exp(ix(R)), to obtain, after in-
verse Fourier transform, the desirable object wave 
o(x,y) (Figure 3). By this technique, the coherent aber-
rations astigmatism, spherical aberration, and defocus 
have already been successfully corrected (Figure 4) [l]. 
Presently, we are working on the correction of the axial 
coma ("beam tilt"). The correction of the incoherent ab-
errations, i.e., compensating for the damping of the en-
velope function E(R), can be performed out to the infor-
mation limit Riim· Consequently, Rlim now represents 
the point resolution of the whole procedure. 
Accuracy of correction 
The aim of correction is to annihilate the wave 
aberration present in the microscope. Therefore, an ap-
propriate phase plate has to be generated numerically 
given by: 
xR = hk (0.25 Cs (R/k) 4 - 0.5 Dz (Rlk)2) (10) 
This phase plate has to agree with the wave 
aberration of the microscope for the range of spatial fre-
quencies [0,Rmax1 with an accuracy better than -,./6 to 
avoid residual blurring of amplitude and phase. This is 
by no means trivial, since, for the example of a 300 kV 
electron microscope with a spherical aberration of Cs = 
1.2 mm and at optimum focus for Rmax = 10/nm, the 
maximum range of the x(R) function is approximately 
24-,.. Therefore, the relative accuracy must be better 
than 0. 007. Great care is required to establish the wave 
number k and the spatial frequency R with an accuracy 
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Figure 3. Numerically generated phase plates for cor-
rection of the wave aberration (Cs = 1.2 mm; Ub = 100 
kV; bar = 2.5/nm). (A) For a hologram taken at de-
focus Dz = 0, strong moire patterns arise because the 
number of pixels is too small to sample the steeply in-
creasing wave aberration correctly. (B) At the optimum 
focus, in this case selected for Rmax = 6.66/nm, the use-
ful part of the phase plate reaches 'Jrnch higher spatial 
frequencies. 
Figure 4. Holographic correction of aberrations without 
correction measures, both amplitude (A) and phase (B) 
show strong influence of astigmatism, spherical aberra-
tion and defocus. After correction, nearly all contrast is 
removed from the amplitude (C) whereas the object 
structure is mainly found in the phase image (D). This 
is to be expected since carbon foil is a weak phase ob-
ject. Note the strong large area phase contrast in the 
phases indicating considerable thickness variations of the 
carbon foil; they do not show up in a conventional 
micrograph. 
of a few tenths of a percent. Even if this is done per-
fectly, the spherical aberration and defocus Dz must be 
determined better than 4 µm and 0.5 nm, respectively 
[6]. This is not yet routinely possible. 
Extraction of specific object information 
Since the Fourier spectrum is quantitatively avail-
able, there is a number of special methods at hand which 
allow the desired information about the object to be ex-
tracted. The most obvious one is to display, after in-
verse Fourier transform, amplitude and phase of the ob-
ject wave. It can be performed under arbitrary focus 
(Figure 5) by applying a defocusing phase plate prior to 
the inverse Fourier transform. 
Analysis of amplitude and phase of the electron wave 
Figure 6 shows amplitude and phase of an area of 
the silicon crystal which covers an extinction thickness. 
At the extinction thickness, due to the damping of the 
zero beam, half spacings show up as a dynamical effect. 
Fortunately, with holography there is no question wheth-
er or not these half spacings represent real lattice struc-
tures: they do not show up in the reconstructed phase, 
hence must be considered an thickness effect. This was 
to be expected from corresponding simulation calcula-
tions by means of the EMS program [12] for the wedge 
shaped silicon crystal [9]. 
Fourier-filtering 
With the wedge shaped Si-crystal, the dependence 
of the complex scattering amplitudes on the thickness of 
the crystal can be measured in the following way: In the 
Fourier spectrum, single reflections are masked out by 
an aperture such that after inverse Fourier transform 
only the selected one contributes to amplitude and phase 
in real space; for example, this allows us to determine 
the variation of amplitude and phase of the scattering 




Figure 5. Effect of a posteriori focusing of the electron wave reconstructed 
from a hologram. Changing the focus by means of application of a corre-
sponding phase plate prior to the inverse Fourier transform produces the same 
phenomena as in the microscope, e.g., contrast changes [7]. Bar = 3 nm. 
Figure 6. (A) Electron wave transmitted through a wedge shaped silicon crystal. The thickness increases from top 
right to bottom left. (B, C): At the extinction thickness, half spacings show up in the amplitude (B), however, not 
in the phase image (C). As displayed by the line scan, the phase modulation due to the Si atoms steadily increases on 
either side of the extinction thickness, where a sudden phase jump occurs (full scale 2~). (D, E): The corresponding 
results simulated with EMS compare well with the reconstructed wave. From reference [9]. 
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Figure 7. Amplitude (A-C) and phase (D-F) of the waves re-
constructed from single reflections: A: (0,0,0); B: (1,-1,1); and 
C: (1,-1,-1). At the extinction thicknesses, contour lines and phase 
jumps show up in amplitude and phase, respectively. By comparison 
with computer simulation, the center of the Laue circle was esti-
mated at (0.075,-0.075,-0.227) instead of (0,0,0) [9]. 
10nm 
Figure 8. Holographic nanodiffraction. (A) A numerical selected-area-aperture is applied at different positions of 
the niobium-oxide crystal. After inverse Fourier transform, the diffraction patterns can be analyzed both in amplitude 
(B) and phase (C). The strong change in symmetry and intensity of the reflections from position 1 to 4 indicates some 
twist of the crystal. The aperture diameter is 4 nm; apertures with diameter less than 1 nm have already been tested. 
439 
H. Lichte 
Additionally, in a very flexible way, apertures of arbi-
trary size and shape can be applied to the spectrum such 
that any kind of ~nve~tigat~on can be performed, e.g., by 
means of dark field imaging or lattice imaging with an 
arbitrary selection of reflections. 
Nanodiffraction 
If in conventional microscopy one is interested in 
diffraction analysis of small selected areas of the object, 
one has to apply the selected area aperture and switch to 
diffraction mode. Unfortunately, this is not possible at 
high resolution, because the smallest aperture available, 
r:ferred back to the object, is approximately 100 nm in 
diameter.. If one tries to perform this kind of analysis 
from. a micrograph, e.g., by laser diffractometry, then 
the d1ffractogram obtained does not present the informa-
tion one is interested in: for example, a diffractogram is 
always ~ymmetric with respect to the optic axis, hence 
crystal ti!~ cannot be examined from symmetry; further-
more, a d1ffractogram only reveals the structures which 
are converted ~nto a contrast in the micrograph. Figure 
8 shows that with holography these restrictions are over-
come. The complex diffraction pattern from areas only 
a few nanometers wide can be analyzed. 
Summary 
Electron holography opens up new dimensions in 
!mage processing: Via the hologram, the electron wave 
~s transferred to the computer enabling coherent process-
ing of the electron wave. As an extension of the micro-
scope, the computer allows the electron wave to be ana-
lyzed without the heavy technical restrictions one faces 
~hen operating the microscope. Some of these process-
ing step~ can already be performed in real-time [l l]. 
Smee for a thorough analysis of an object all the 
data can be retrieved from a single hologram, they rep-
resent the ~ery same object in that absolutely no change 
occurs dunng the analysis, neither by instabilities of the 
mic_ro~cope nor by alterations of the specimen, say, by 
rad1at10n damage. 
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Discussion with Reviewers 
J.M. Rodenberg: Presumably the question of the num-
ber of fringes required in the hologram for satisfactory 
?econvolution can be thought of as a windowing problem 
m real space. 
Author: Yes. 
J.M. Rodenberg: In performing the unaberrated resto-
ration, does the author use a smooth window function in 
real space to avoid truncation errors? 
Author: For certain reconstruction steps, e.g., quan-
titative evaluation of the data in Fourier space, soft-
windowing is indispensable because otherwise falsifica-
tion due to streaking effects may occur. 
